We prove that the Heisenberg-Euler-Schwinger mechanism -pair creation in a constant electric field-and its radiative corrections imply the Unruh effect, i.e. the thermalisation of accelerated systems at temperature a/2π where a is the acceleration. More precisely, the properties of the amplitudes for pair creation under crossing symmetry and CP T are sufficient to deduce the Unruh effect. Furthermore, we show that pairs are created in thermal equilibrium with the Unruh temperature. These properties also hold for pair creation of charged black holes in an electric field thereby explaining why these black holes are created from vacuum in thermal equilibrium.
Introduction
Quantum field theory predicts two remarkable phenomena when particles are accelerated. The first is the Heisenberg-Euler-Schwinger mechanism[1] [2] . That is vacuum instability due to spontaneous creation of charged pairs in a constant electric field. When the electric field is turned on in a volume V during a period T , the norm of the overlap between the initial and the final vacua gives the probability not to produce pairs and decreases as
where d is the number of space time dimensions, E = eE 0 is the product of the charge of the particle by the electric field E 0 and M is the mass of the produced scalar quanta (we puth = c = 1). The second is the Unruh effect [3] , i.e. the perception by accelerated systems of the inertial vacuum of some radiation field as a thermal bath at temperature a/2π (where a is the acceleration). In particular Unruh showed that accelerated systems absorb and emit quanta and tend to a state of thermal equilibrium exactly as in a usual inertial thermal bath.
The main goal of this paper is to prove that the Schwinger mechanism and its radiative corrections imply the Unruh effect. This will be done by exploiting the analytical properties of the scattering matrix elements which govern the emission amplitudes of massless neutral quanta by massive charged particles accelerated in a constant electric field.
The fact that the Schwinger mechanism and the Unruh effect are related phenomena has been already noticed by many authors [4] [5] [6] [7] . For instance, if one considers the emissions of photons by an accelerated electron (i.e. bremstralung), it is the same electromagnetic interaction which governs both pair production and the subsequent emissions, see Nikishov [8] [9] . In this sense one will certainly have Unruh effect if one has pair creation. However their is a much deeper relation between the two phenomena, namely the "remarkable consistency" which ensures that pairs are born in thermal equilibrium [7] . Indeed, from eq. (1) the ratio of the mean number of produced pairs of masses M and m obeys
is the mean acceleration. This ratio corresponds to a Boltzmanian distribution of a two-level system with energy gap ∆m = M − m at temperature,ā/2π, as one would have obtained by the Unruh effect.
The first point that we make in this article is that upon coupling an accelerated twolevel "ion" to radiation (see eq. (5) for an example of such a coupling) the ratio of the transition rate from the ground to the excited state (m → M) to the inverse transition rate (M → m) is exactly given by
even when the vacuum instability is fully taken into account. Therefore when such a two level system reaches thermal equilibrium, the population ratio of excited and ground state is exactly given by eq. (2). Thus their is a complete thermodynamic consistency between the Heisenberg-Euler-Schwinger mechanism and the Unruh effect 3 . In the second part of this paper, we show that the equality between the l.h.s. of eq. (2) and eq. (4) is by no means an accident: it is dictated by the analytical properties of the amplitudes governing pair creation under crossing symmetry and CPT. The motivation for our emphasis on CPT and crossing symmetry is that these analytical properties should hold irrespectively of the specific model under examination.
As an example of this universality, in the last section, we consider pair creation of charged black holes in a constant electric (or magnetic) field [11] [12] [13] and the subsequent emission of quanta through Unruh effect as well as through Hawking process [14] . We show that their is once more a complete thermodynamic consistency between the production of the black hole pairs and both of these radiative effects. We conclude by conjecturing that this should also result from the analytical properties of the amplitudes to produce black hole pairs and to emit Hawking/Unruh quanta under crossing symmetry and CPT.
The Schwinger mechanism and the Unruh effect
Throughout the paper, we shall use the two dimensional model of refs. [7] [10]. The model consist of two scalar charged fields (ψ M and ψ m ) as in Unruh's original paper [3] . These charged fields propagate in a constant electric field E 0 and they are coupled to a massless neutral scalar field φ by the following Hamiltonian
whereg is dimensionless. The relation between this 2D model and the emissions of photons by electrons in four dimensions is manifest when one realizes that the momentum perpendicular to the plane defined by the constant electric field acts as a mass gap, indeed
perp. appears in the Klein Gordon equation in four dimensions. We work in the homogeneous gauge (A t = 0, A z = E 0 t). In that gauge, the momentum p is a conserved quantity and the energy Ω of a relativistic particle of mass M is given by the mass shell constraint (
The integral representation of an in-mode of momentum k and mass M, i.e. the solution of ∂
with asymptotic unit initial current coming from z = −∞ is given by
where the normalization factor α −1
M is given by e πM 2 /2E Γ(1/2 + iM 2 /2E)/ √ 2π, see [15] . It is related to the mean number of created pair
The dummy variable u is classically related to the time t and the energy Ω, eq. (6), by u = t + (Ω − p)/E. The variable u E/2 plays for this inverse harmonic potential case a role very similar to the annihilation operator a = (p + iq)/ √ 2 of the harmonic oscillator, see [16] . Similarly, the integral representation of an out-mode with asymptotic unit final current directed towards z = −∞ is
These integral representations are very useful if one wants to compute the Bogoliubov coefficients β M and α M . In particular, β M can be evaluated from the analytical behaviour of χ in M,p (t) at small u. Indeed, for large |t|, i.e. |t| >> M/E, χ in M,p (t) has three branches, two of which arise from contributions at small u, see [15] . For both of these, it is legitimate to neglect the term in u 2 in the exponential and one is left with the integral representation of Γ functions. For negative t one gets the incoming branch carring unit current, and for positive t one obtains the backscattered wave (carrying a negative current). The ratio of the second to the first is
It is the sign of the exponent of e ±iE|t|u which fixes both deformations of the contour integrals and therefore which governs their ratio.
Our aim it to prove that it is the same sign which implies that the ratio of probabilities describing Unruh effect coincides with the ratio given in eq. (2) . In this Section, as a preliminary to this message, we shall show that, to first order ing, the norm of the ratio of the scattering amplitudes engendered by H ψφ to emit a photon starting from the "ground" state (m) or the excited state (M) satisfies eq. (4) even when the vacuum instability with respect to pair creation is fully taken into account. In the next Section, we shall rederive the same ratio from the sole analytical properties of the pair creation amplitudes under CP T and crossing symmetry. It is essential that these latter amplitudes do not vanish (i.e. β M = 0) in order to obtain the Unruh thermal equilibrium through this second indirect procedure.
To first order ing, the amplitude to emit a massless quantum starting from the heavier state M is given by
where the in-operator b in M,p is associated with the in-mode χ in M,p . It annihilates the in-vacuum |0, in M , and similarly for the corresponding quantities for the operators associated with the other field of mass m and for the out quantities. The overall factor, the product of the in-out overlaps 0, out| M |0, in M 0, out| m |0, in m = Z M Z m , expresses the fact that, in the mean, there is spontaneous pair production of charged quanta. Indeed, one has
and similarly for the other field of mass m. One recovers the Schwinger result, eq. (1) by noticing that p = ELT /2π when the electric field is turned on in a box of size [17] . Notice that in the limit M 2 /E → ∞ at fixed M − m = ∆m and M/E = 1/a, the integrand of eq. (11) reduces to the WKB expressions used in [10] and therefore to Unruh's original expressions [3] .
In terms of the integral representations of the χ modes and for k ω = ω, we obtain,
where we have definedt = t − p/E. Performing the gaussian integration overt, one gets
In terms of the mean accelerationā = 2E/(M + m) (notice that it is the first time that the concept of acceleration is brought to bear), one finds
where A(∆m, ω,ā) is the "Unruh" amplitude [3] for a two-level system to emit a quantum from the heavier state when it follows a classical trajectory of uniform accelerationā. This amplitude is
where g is a dimensionless coupling constant and where τ is the proper time along the uniformly accelerated trajectory. It is related to u = t − z by au = e −aτ . We have used the notations and conventions of [10] .
Eq. (16) proves that the exact amplitude A(∆m, p, ω) differs from Unruh's amplitude by the phase e i(ωp−ω 2 /2)/E only. The overall factor Z M Z mg m 2 /(2gEα M ) plays no role since it is independent of the momenta p and k ω . Through Z M Z m , it depends only of the duration T (held fixed) during which the electric field is turned on. It can therefore be absorbed into a redefinition of the coupling constantg.
To obtain the equilibrium distribution, one needs to compute the amplitude of the inverse process. One can either consider the amplitude to emit the same quantum starting from the ground state (m) or the amplitude to absorb the same photon starting with the same detector state (i.e. M), since equilibrium is only governed by the norm of the amplitudes. For convenience, we shall consider the second amplitude and denote it B(∆m, p, ω).
One easily shows that B(∆m, p, ω) differs from Unruh's amplitude B(∆m, ω,ā) by a phase only, since these amplitudes (forbidden for inertial atoms) can be obtained by replacing ω by e iπ ω in A(∆m, p, ω) and A(∆m, ω,ā) respectively:
B(∆m, p, ω) = A(∆m, p, e iπ ω) and B(∆m, ω,ā) = A(∆m, e iπ ω,ā)
From these relations and the logarithmical dependence in ω in eqs. (15, 17) , one deduces immediately that the ratios of the norms of the amplitudes satisfy
Therefore the Unruh's thermalisation does not requires the validity of the WKB condition which governs the vacuum instability under pair creation, i.e. M 2 /E >> 1, nor the condition ∆M/ā >> 1 which must be imposed in order to have a good saddle point approximation [10] . This is our first result.
CPT and crossing symmetry
We now come to the main point of this paper. That is to rederive eq. (19) from the amplitudes governing the vacuum instability under pair creation. Therefore we shall display why the l.h.s. of eq. (2) and eq. (4) do coincide.
To this end we shall introduce two other amplitudes related to the original amplitude A(∆m, p, ω), eq. (11), by "crossing symmetry". First, we shall replace the incoming particle created by b †,in M,p by an outgoing anti-particle destroyed by c out M,−p . This matrix element, denoted by A (2) (∆m, p, ω), gives the amplitude to create a pair of charged quanta accompanied by the emission of the massless ω quantum. Secondly, we shall replace in A (2) the outgoing particle destroyed by b out m,p ′ by an incoming anti-particle created by c †,in m,−p ′ . This is the amplitude, denoted by A (3) (∆m, p, ω), for an accelerated anti-particle of initial mass m to emit an ω quantum.
The second amplitude is given by the following matrix element
The second equality follows from the fact that in the homogeneous gauge, the temporal part of the wave function of an anti-particle of momentum −p is equal to the wave function of the particle of momentum p. Then the only difference with the integrand of eq. (13) is the sign flip in the factor e −iEtu 1 which arises from the replacement of χ 
This relation may be understood qualitatively from the fact that A is the decay amplitude whereas A (2) can be envisaged as describing the production of a pair of heavy particles followed by the decay of one of them into m + ω. Thus one expects A (2) ≃ A e −πM 2 /2E . Similarly, upon considering the amplitude A (3) (∆m, p, ω) defined by
one finds that the sign of the linear term in u 2 appearing in the gaussian factor has flipped. Therefore
Exactly as in eq. (21), this may be understood from the fact that the amplitude A (2) can also be envisaged as describing the creation of a pair of light particles followed by the spontaneous excitation of one of them, whereas A (3) is the spontaneous excitation amplitude.
But by CPT invariance, A (3) (∆m, p, ω) = B(∆m, p, ω) given in eq. (18) . Indeed one verifies that the integrand of A (3) (∆m, p, ω) coincides with the one of B(∆m, p, ω) under the change of the dummy variablet = −t. Therefore, combining this latter relation with eq. (21) and eq. (23), one obtains
QED.
In the next section we shall compare this result with the pair creation of black holes in an external electric or magnetic field. We conclude this section with a two remarks.
In the above calculation we considered the emission or absorption of a right moving quantum e −iω(t−z) . Had one considered left moving quanta e −iω(t+z) , different transition amplitudes would have been obtained since parity P is explicitly broken in our model by the external electric field. However the ratio of amplitudes for left and right moving is a constant
Therefore the ratios eqs. (21, 23, 24, 19) and the Unruh temperature are independent of whether left or right moving particles are emitted. We could also consider the implications of eq. (19) when the mass difference M − m is large compared to M + m. In this case it is no longer meaningful to define a mean acceleration and a mean temperature. This is particularly evident when their are three or more species with different masses m i . However their still exists a population distribution in which the transitions i → j are exactly compensated by the transitions j → i. The population ratios in this stationary state are given by
Therefore, when these particles are created in the E-field, they are already in equilibrium, since they are created with exactly the same population ratios.
Pair creation of black holes
We shall now consider how the above analysis applies to pair creation of charged black holes in an external electric field which was considered in refs. [11] [12] [13] . In the black hole case, the picture is more complicated because black holes have themselves an intrinsic temperature, the Hawking temperature, and because the semi-classical description of the production requires that their Unruh and Hawking temperature coincide. This condition arises from the requirement that the euclidean instanton have no conical singularity. Thus only the probability to produce a one parameter family of black holes can be obtained by this semi-classical treatment.
Following [19] [20], we express the probability to create a pair of black holes of mass M and charge Q which belong to the one parameter family as
where A BH (M, Q) is the area of the black hole horizon and ∆A(M, Q, E) is the change of the area of the acceleration horizon induced by the creation of the black hole pair. Furthermore A BH /4 appears in the expression of P M,Q as furnishing the density of black hole states with mass M and charge Q thereby confirming the Beckenstein interpretation of A BH /4 = S BH as the black hole entropy.
The domain of the one parameter family which can be compared with the Schwinger mechanism is the one in which the black holes are small compared to the inverse acceleration, i.e. in the point particle limit. Then,
This is the usual probability to create charged particles in an external electric field, see eq. (2) . Therefore the black holes of different mass M and charge Q are produced in equilibrium with each other in the sense of eqs. (2) and (4). It is instructive to consider the amplitude of creation of black hole pairs form another point of view. In this approach one takes the probability eq. (27) with ∆A given by eq. (28) as the fundamental ingredients valid for all M and Q (i.e. no longer restricted to the one parameter family). Then the most probable mass M at fixed Q is obtained by extremizing eq. (27) with respect to M. From the thermodynamic relation dS BH = dM/T H one obtains the equality of the Hawking and Unruh temperatures. Furthermore one verifies that this constitutes a maximum of P M,Q,E at fixed Q and E.
This suggests that the equality of Hawking and Unruh temperatures should be understood in the mean and not as a necessary condition that M and Q must satisfy in order to have black hole production. (We mention that a similar point of view has been put forward, but some how less explicitly, in [19] ) This is certainly the case after a proper time lapse of the order of a few 1/a after the production, since the emission of photons leads inevitably to a spread around the relation between M and Q.
Furthermore, the local interactions between the radiation field and the black holes lead to a decoherence of the black holes states. To understand this decoherence consider again the emission of photons by electrons. In the absence of photon emitted one has of course a strict EPR correlation between the momenta of the two particles when they are produced. But this correlation is necessarily destroyed when photons are emitted. The remarkable result proven in the previous sections is that the distribution of the decohered momenta is identical to the initial distribution when they were still exactly correlated. Similarly, in the present situation, the emissions of photons by accelerated black holes shall decohere the two black holes in the sense that their momenta will no longer be correlated. Furthermore, their masses will also spread independently around the mean.
Moreover, this decoherence is just what it is necessary to invalidate the conclusions of the analysis of Yi [21] [22] . (He argued that accelerated black holes no longer emit radiation when their Hawking and Unruh temperatures coincide.) Indeed in the case of accelerated detectors, accelerated electrons [9] or accelerated mirrors [23] , this decoherence is responsible for the emission of a steady positive flux of energy [10] . Therefore, in the case of accelerated black holes as well, a positive flux should be produced, at least in the point particle limit wherein the scattering matrix elements do not differ from the above cases. We refer the reader to [24] for a more detailed analysis of the flaw in Yi's analysis.
In summary we see that the euclidean instanton estimate of the rate of production is in complete agreement with the thermodynamic properties of the black holes. This agreement is in strict correspondence with the thermodynamic consistency between the Schwinger and Unruh effect discussed in the previous sections but incorporates the additional ingredient that the black holes have an intrinsic entropy and temperature. In the black hole case this consistency can probably also be derived by appealing to the analytical properties of the amplitudes to produce black holes and to emit Hawking radiation under crossing symmetry and CPT, in close analogy to what we did with accelerated particles. This might shed new light on the debate about whether black hole evolution can be described by a unitary S-matrix [25] .
